Phase coupling between auto-oscillators is central for achieving coherent responses such as synchronization. Here we present an experimental approach to probe it in the case of two dipolarly coupled spin-torque vortex nano-oscillators using an external microwave field. By phase-locking one oscillator to the external source, we observe frequency pulling on the second oscillator. From coupled phase equations we show analytically that this frequency pulling results from concerted actions of oscillator-oscillator and source-oscillator couplings. The analysis allows us to determine the strength and phase shift of coupling between two oscillators, yielding important information for the implementation of large interacting oscillator networks.
Self-sustained oscillators which are linked by phase coupling exhibit abundant collective dynamics [1] and describe diverse systems in nature [2] [3] [4] [5] [6] [7] [8] [9] [10] . In particular, they can synchronize, which is important in the fields of engineering, biology and computing. Indeed, synchronized oscillators exhibit improved amplitudes and spectral purity of their outputs, and can be used to study and mimic neural networks [11, 12] . Theoretical explorations of this phenomenon have been ongoing for decades in particular within the framework of the Kuramoto model [13, 14] , where phase coupling is simplified as a sinusoidal function of phase difference:
where ϕ i is the phase of ith oscillator, ω i is its freerunning frequency, Ω ji is the coupling strength between jth and ith oscillators and β i is an intrinsic phase shift related to the nature of the coupling and to the nonlinearity of the oscillator [15] . In experiments, technological progress has allowed mutual synchronization in many systems compatible with lithographic fabrications, such as Josephson junctions [2] , nanomechanical and optomechanical structures [3] [4] [5] , and spin-torque nanooscillators [6, 7, [16] [17] [18] [19] . The strength of synchronization in all these systems is set by the coupling parameters in Eq. (1) . However, the coupling strength Ω ji and the intrinsic phase shift β i are rarely quantified in experiments despite their importance for achieving large phaselocking ranges [20, 21] . Being able to quantify these parameters is also crucial for synchronization-based information processing such as coupled-oscillator associative memories [22, 23] . Among different oscillator systems, spin-torque nanooscillators [24] serve as outstanding candidates for implementing coupled oscillator arrays, due to their submicron dimensions, nonlinear behaviors with large frequency tunability, simple signal extractions from magnetoresistance and ease to be coupled and synchronized [6, 7, [16] [17] [18] [19] [25] [26] [27] [28] [29] [30] . Of special engineering interests are spin-torque vortex oscillators [31, 32] which allow operation without biasing field and different tuning properties [33] [34] [35] linked to the bistable orientation of the vortex core magnetization (polarity) [36] . The synchronization of two adjacent vortex oscillators through their dipolar field [37] [38] [39] has been demonstrated [18, [40] [41] [42] , as well as the control of the phase-locking bandwidth by their relative vortex polarities [18, 43] . Moreover, vortex oscillators are a model system for coupled oscillators in general, because their dynamics is well understood [44] and their phase-coupling can be described by Kuramoto-like equations [18, 45] .
In this work we employ a third reference "oscillator", namely, an external microwave field with tunable frequency and power, as a dynamical probe to measure the dipolar coupling between two spin-torque vortex oscillators. When the microwave field phase-locks one oscillator, an obvious frequency pulling is measured on the second oscillator. By including the coupling to external source in Eq. (1), we show analytically that this frequency pulling is due to in-phase actions of sourceoscillator and inter-oscillator couplings within the phaselocking bandwidths, beyond which it disappears. The model is tested upon varying the source-oscillator coupling by changing the microwave power, as well as the inter-oscillator coupling by changing the vortex polarity states. It allows to extract dipolar coupling strengths and phase shifts, with the former compatible with analytical calculations [43] . Our results provide a new way to directly reveal and characterize the mutual coupling between oscillators through their attraction to a third reference oscillator, which can be applied to various oscillator systems.
Our sample consists of two cylindrical spin-torque nano-oscillators with identical nominal diameters of 
) Zoomed-in power spectral density data of < 1 ↑ 2 ↑> and < 1 ↓ 2 ↑> for the red box regions of (b) and (e), respectively. Mutual synchronization is observed between µ0H = 17.5 and 26.0 mT in < 1 ↓ 2 ↑> state. 2R = 400 nm and an edge-to-edge separation of L = 200 nm, as shown in Fig. 1(a) . Each oscillator has a spinvalve layer structure of Py(15 nm)/Cu(10 nm)/Py(4 nm) (Py = Ni 80 Fe 20 ). During operation a strong dc current is injected through the two oscillators in parallel, which favors a vortex state in all Py layers [46] . It flows from Py(4 nm) to Py(15 nm), so that in each oscillator the spin-transfer torque destabilizes the mode dominated by the thick layer and overdamps the thin layer dynamics [33, 34, 47] . The current is set to 95 mA, i.e., 1.5 times as the critical current to drive the auto-oscillations of the thick Py layers. The dynamics excited in each oscillator corresponds to the rotation of the vortex core around its equilibrium position, the so-called gyrotropic mode [48] . Because of the small lateral separation, the two oscillators are dynamically coupled through their dipolar field [18, 40] . We note that owing to their much smaller volumes and limited dynamics, the contribution of the thin layer vortices to the oscillator-oscillator coupling is weak. Moreover, their vortex core polarity is not purposely controlled in this study. In the following, we will thus refer exclusively to the vortices in the thick Py layers of each oscillator, labeled 1 and 2. To provide an external rf field, an electrically isolated antenna is patterned on top of the sample [49] , creating an in-plane h rf linearly polarized along the direction made by the two oscillators (see Fig. 1a ). Furthermore a biasing magnetic field is applied perpendicular to the sample plane in order to vary the gyrotropic frequencies [36, 44] . First we examine the microwave signals associated with auto-oscillations in each oscillator. Figs. 1(b-e) show the color maps of the power spectral density as a function of perpendicular field H. In each graph, two branches corresponding to the gyrotropic modes of the thick layer vortex in each oscillator are observed. The four combined vortex polarity states for oscillators 1 and 2 can be obtained after applying well-chosen perpendicular switching fields [33] . The polarity state of oscillator i is defined as < i ↑> (< i ↓>) for vortex core magnetization parallel (antiparallel) to the positive biasing field direction, which corresponds to a positive (negative) frequency-field slope [36, 44] .
Next we demonstrate the existence of dipolar coupling by the observation of mutual synchronization. Figs. 1(f,g) compare the zoomed-in power spectra of < 1 ↑ 2 ↑> and < 1 ↓ 2 ↑> states for 0 ≤ µ 0 H ≤ 50 mT, as labeled by the red boxes in Figs. 1(b) and (e), respectively. By switching the polarity of vortex oscillator 1, a clear gap of the auto-oscillation branch for oscillator 2 is found between µ 0 H = 17.5 and 26 mT in < 1 ↓ 2 ↑> state, while for < 1 ↑ 2 ↑> state the branch is continuous. This gap, accompanied by a bright lower-frequency branch, is associated to the synchronization of the two oscillators. From the right edge of the synchronization bandwidth we deduce that the maximal frequency mismatch for mutual synchronization is 28 MHz. The frequency mismatch corresponding to the unlocking of the two oscillators at the left edge is smaller. We attribute this to the fact that the amplitude and linewidth of oscillators can vary with the perpendicular field [34] , which will change the effective dipolar coupling. The results above show that the dipolar interaction is strong enough to synchronize the two oscillators. Still, a quantitative evaluation of its strength Ω ji and phase shift β i is lacking at this point of the analysis.
In order to directly reveal and quantify the dipolar coupling, we fix both the biasing current and magnetic field and apply a weak microwave field, which couples to both oscillators. The two oscillators are set to an unsynchronized state at µ 0 H = 31.9 mT, shown in Fig peaks of the two oscillators as a function of the external microwave field frequency ω e . When ω e crosses the peak of oscillator 1 around 460 MHz, the disappearance of the peak reflects the phase locking to the external rf source [25, 26, 29] . In addition, we also detect a significant frequency pulling on oscillator 2. This is a striking observation, because the frequency mismatch between oscillators, (ω 2 −ω 1 )/2π = 35 MHz, is five times larger than the phase-locking bandwidths, around 7 MHz, of the two oscillators to the external source. The remote frequency pulling is a strong indication of coupling between the two oscillators as it is bound to the phase-locking bandwidth.
It is important to note that no obvious frequency shift is observed when ω e lies between the two auto-oscillation peaks. Reciprocally, a similar effect is also observed on oscillator 1 when oscillator 2 is phase-locked to the microwave field around 495 MHz.
To understand these phenomena, we develop a simplified analytical formalism based on general oscillator equations [15] . For two dipolarly coupled vortex oscillators experiencing a linearly polarized microwave field, the phase equations can be formulated [46] from the Thiele equation which describes the vortex core dynamics in a magnetic dot [50] [51] [52] , as:
where θ i = ω e t − p i ϕ i is the phase difference between the microwave field and the position of the vortex core, p i = ±1 is the vortex polarity, ω ig is the free-running frequency of oscillator i, Ω ji = Ω(X j /X i ) is the dipolar coupling strength Ω normalized by the ratio of vortex gyration amplitudes X j /X i and ∆ ie is the coupling strength to the external microwave source. The index is defined as (i, j) = (1, 2) or (2, 1). In Eq. (2) two additional phases are present: γ
is the intrinsic phase shift introduced by the nonlinearity of the oscillators [15, 20] ; γ rf i is the microwave coupling phase, determined by the geometric alignment of the microwave field to each oscillator (see Fig. 1(a) ). We highlight that Eq. (2) describes the general behaviors of self-sustained oscillators: for ∆ ie = 0, it is reduced to Kuramoto equations Eq. (1) with
, where the π/2 phase originates from the conservative nature of dipolar coupling [15] ; for Ω = 0, it is reduced to the Adler equation responsible for one oscillator phase-locking to an external source [53] .
In the general case, the phase dynamics of oscillator 2 evolves in a complex way due to the uncorrelated forces exerted by the microwave field and oscillator 1. However, when oscillator 1 phase-locks to the microwave field, the situation simplifies: its relative phase with respect to the microwave field, θ 1 , becomes a constant. In that case, we can rewrite the phase dynamics of oscillator 2 in Eq. (2) as driven solely by the action of the microwave field, but with a modified effective coupling strength ∆ * 2e that takes into account both the microwave couplings, and the dipolar attraction to oscillator 1:
From Eq. (3), we find ∆ * 2e is the vector sum of the effective dipolar coupling strength Ω 12 and the microwave coupling strength ∆ 2e with a phase difference (Fig. 2c) . The frequency of oscillator 2 is then determined by the frequency of the microwave field, and the strength of this new effective coupling ∆ 2e through:
where "±" depends on the sign of ω e − ω 2g . Eq. (4) indicates that when oscillator 1 is phase locked to the microwave field, it can help pulling the frequency of oscillator 2 towards the frequency of the source, as observed in Fig. 2(b) . Full analytical solutions to our model can be obtained in the limit of weak microwave coupling [46] . In Fig. 3 we use them to extract the coupling parameters under different conditions. First, the microwave power is varied, which sets the phase-locking bandwidths and associated remote frequency pullings. Second, both antiparallel (Figs. 3a,b) and parallel (Figs. 3c,d ) vortex polarity alignments are examined, for which the strength of dipolar coupling is expected to change by a factor close to three [18, 43] . The data are fitted to Eq. (4) with Ω and γ
N L i
as the fit parameters. Positive and negative signs of Ω are expected for parallel and antiparallel polarity alignments, respectively [43] , which is taken into account. Details about the fitting procedure can be found in the Supplemental Information [46] . The fitting curves are shown in Fig. 3 and Fig. 2(b) . Table I lists the fitting results along with the microwave field amplitude h rf . As expected the mean of phase-locking strengths (∆ 1e + ∆ 2e )/2 is proportional to the microwave field. For the antiparallel polarity alignment, the extracted dipolar coupling Ω slightly increases with h rf . One reason is that the vortex gyration amplitude X i might be increased as oscillator i is phase-locked to the microwave field, resulting in an enhancement of Ω ij on oscillator j. Another possibility is the incomplete phase locking at small h rf (observed in Fig. 3a for oscillator 2) due to thermal fluctuations, which are likely to reduce the effective coupling [26, 29] . Owing to these two counteracting effects, we take the average of the three experiments, Ω AP /2π = −8.0 MHz, as the extracted value of Ω. For the parallel polarity state, we take the value extracted from Fig. 3(c) , Ω P /2π = 3.6 MHz, as the strength of the dipolar coupling. In fact, the limit of weak microwave coupling does not hold in Fig.  3(d) due to the large microwave power in comparison to the small frequency mismatch between oscillators, which results in a more complex dynamics. It is interesting to note that the two values compare favorably with the ones obtained from macrodipole approximation taking into account solely the thick Py layers [40, 43] . In that case
3) MHz, where ξ = 2/3 from the two-vortex ansatz [48] , γ/2π = 29.7 GHz/T is the gyromagnetic ratio, µ 0 M s = 0.96 T the saturation magnetization of the Py vortex layers [49] , h their thickness, and d = 2R + L the centerto-center distance between oscillators. We also point out that the ratio Ω AP /Ω P in our experiment agrees with the ratio of critical frequency mismatch, ∆f AP /∆f P = 2.4 in our prior work [18] , and depends on the exact geometry of the oscillator pair [43] .
The phase shift γ point towards either additional extrinsic phase due, e.g., to parasitic rf couplings between the antenna and sample circuits, or more complex dynamics than assumed in the simple analytical model.
One interesting finding is that the extracted Ω in the antiparallel polarity alignment is much smaller than the phase-locking frequency mismatch of 28 MHz found in Fig. 1(g) . In our experiments the amplitude ratio X 2 /X 1 is close to one [46] . In the phase-locking solution derived by Slavin and Tiberkevich [54] , the maximal frequency mismatch for mutual synchronization is then Ω(ν 1 + ν 2 ). Thus we confirm the role of nonlinearities, with ν 1 + ν 2 around 3.5, in the large phase-locking frequency mismatch. The fact that the synchronized mode is closer to the peak branch of oscillator 1 likely indicates that ν 2 is greater than ν 1 , making it easier for oscillator 2 to adapt its frequency to oscillator 1.
Our results show that two dipolarly coupled spintorque vortex oscillators follow ideal oscillator systems described by Eq. (2), a pre-assumption for studies based on the Kuramoto model [45] . We confirm that the dipolar coupling strength can be tuned by a factor greater than two with bistable polarity states [18, 43] , providing a unique freedom to manipulate the collective dynamics. For instance, a new propagating wave mode has been predicted in oscillator arrays with both attracting and repulsive interactions [55] , which can be realized with the two different polarity alignments. In addition we learn about the nonlinearities in spin-torque nano-oscillators. Finite phase shifts γ N L i are measured, as predicted in theory [15, 56] and identified in similar systems [19, 30] . This indicates that practical oscillator networks fall into the Sakaguchi-Kuramoto regime (Eq. 1 with nonzero β i ), in which synchronization can be destroyed by the phase detunings at medium Ω [21] .
In summary, we have developed a novel approach to study coupled oscillators with an external ac drive. By controlling the relative phases between the ac source and one phase-locked oscillator, we acquire not only the strength but also the phase information of the interoscillator coupling. This probing technique is not restricted to spin-torque oscillators and microwave field, but applicable to all coupled oscillator systems and ac drives. By extending their understanding, it is also useful for further manipulation and investigation of collective dynamics in large arrays of auto-oscillators.
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Supplemental Information to "Probing phase coupling between two spin-torque nano-oscillators with an external source" The chiralities of the four vortices in the pair of STVO (two for each STVO, one in the thick Py(15 nm) disc and one from the thin Py(4 nm) disc), which define the curling direction of the magnetization around vortex core, can be accessed by the magnetoresistance effect. Figure 1(a) shows the hysteresis loop of electrical resistance (R) of the sample as a function of current (I dc ) at zero biasing field. The resistance difference ∆R between the upper and lower branches is extracted in Figure 1(b) . When the absolute value of I dc , or |I dc |, is above 60 mA, the chiralities of the two Py layers in each STVO are the same, both clockwise for I dc > 0 and counter-clockwise for I dc < 0. The magnetoresistance is minimized due to parallel magnetizations in each STVO. By reducing |I dc | and reversing its sign, two abrupt resistance increases are firstly observed when |I dc | is around 20 mA corresponding to the chirality switchings of the two Py(4 nm) layers. Keeping increasing |I dc |, two additional jumps can also be observed when |I dc | is between 40 and 50 mA corresponding to the chirality switchings of the two Py(15 nm) layers.
Owing to the similar chirality switching currents and amplitudes of resistance jump, the data show that the two nanopillar spin valves are close in geometry as designed. It also shows that at the working current of I dc = 95 mA, the four chirality states are ensured to be the same.
B. From the Thiele equation to the oscillator phase equation
Here we briefly show how to obtain the oscillator phase equations (Eq. 2 of the main text) from the Thiele equation of a magnetic vortex 1,2 . We write out the Thiele equation for STVO 1:
where X 1 is the position of the vortex core, G 1 = 2πp 1 µ 0 M 1s h/γ is the amplitude of gyrovector, κ 1 denotes the stiffness of the vortex confining force, D 1 is the damping term proportional to the Gilbert damping, F 1,STT = σ 1 J(e z × X 1 ) is the anti-damping term from spin-transfer torque, F 1e is the force from microwave field coupling and F 1d is the force from dipolar coupling. In the expression of G 1 the vortex polarity p 1 determines the sign of angular frequency, i. e. the direction of vortex core gyration. Here we set both chiralities of the two STVOs to be counter-clockwise from top view (C 1,2 = +1). Because the two STVOs are patterned from the same film stack, we take |G 1 | = |G 2 | = G for the two STVOs so that
The coordinate system is defined in Fig. 2 . In Eq. (1) F 1e and F 1d can be calculated from the energy expression as F 1e,d = −∂W 1e,d /∂X 1 . In vortex state, the coupling energy to the microwave field can be ex-
, where h rf is the rf field, C 1 is the chirality (C 1 = +1 denotes counter-clockwise) and m 1 ∼ (2/3)M 1s V 1 /R 1 is the effective dynamic magnetization divided by the disc radius 3 . This yields:
The dipolar coupling energy can be expressed as
2 is the conjugate of X 2 (Fig. 2) . Thus the dipolar coupling force can be expressed as:
In polar coordinates we assume that the amplitudes and phases of X 1,2 to be X 1,2 and ϕ 1,2 . If we consider only the steady-orbit solution, by setting dX 1,2 /dt = 0 and taking the dot product of Eq. (1) and e r , we obtain:
with ω 1g = κ 1 /G. We will show below that Eq. (4) can be written in a generalized form, presented as Eq. (2) of the main text:
where θ i = ω e t − p i ϕ i is the phase difference between the microwave and the oscillator, Parallel polarity alignment: we take the polarities as p 1 = p 2 = +1. For F 1e we assume an in-plane linearly polarized microwave field with an arbitrary direction h rf = h rf (cos φ rf e x + sin φ rf e y ) cos(ω e t), as shown in Fig. 2 . Using Eq. (2), the microwave term F 1e · e r in Eq. (4) can be expressed as:
F 1e · e r = f 1e (cos φ rf e y · e r − sin φ rf e x · e r ) cos(ω e t)
with f 1e = C 1 µ 0 m 1 h rf . The two terms in Eq. (6) are the clockwise and counter-clockwise polarized components. In positive polarity state, the first term serves as a high frequency component with zero time average so we will neglect it.
For the dipolar coupling term, we have:
In the parallel polarity state the first term mainly contributes to Eq. (4) and the second term is a high-frequency term with an average of zero. As a result, Eq. (4) becomes:
Comparing with Eq. (5), we find Ω = Antiparallel polarity alignment: we take the polarities as p 1 = +1 and p 2 = −1.
This time ϕ 1 will increase but ϕ 2 will decrease with time. In Eq. (6) we still take the second term for STVO 1. In Eq. (7), however, the cos(ϕ 2 + ϕ 1 ) term mainly contributes to the phase interaction and the first term is a high frequency term. Eq. (4) becomes:
Comparing with Eq. (5), we find Ω = −
For STVO 2, the active term in Eq. (6) is changed to the first term. Along with the negative polarity, the oscillator equation is: of the microwave coupling term, because they both come from the nonlinearity of the ith STVO.
C. The limit of weak microwave coupling
In the theoretical derivation of the main text, the limit of weak microwave coupling (i.e. microwave field) is required in order to obtain a simple expression for θ 1 when oscillator 1 is phase-locked to the microwave field. In this situation, because the frequency mismatch between the microwave field and oscillator 2 is much greater than the coupling strength ∆ 2e , the phase of oscillator 2 will act as if there is no frequency pulling from the microwave field. 
D. Data fitting
In this section we would like to specify how we take the parameters as inputs in order to extract the values in the Table I of the manuscript. As discussed in the main text, we fit the peak values ω 1,2 as a function of microwave frequency ω e , described in the Eq. Values of X j /X i : The amplitude ratio modifies the effective dipolar coupling strength Ω ji = (X j /X i )Ω. It is reflected by the asymmetry of the frequency pullings between STVOs 1 and 2. Because the two STVOs have identical nominal geometry, their auto-oscillation amplitude should be similar. In the data analysis we set X 1 /X 2 to be 1.1 for the antiparallel polarity alignment (Figs. 3 a-c Values of ω ig and ω c ig : The term ω c ig has been introduced in Section C of the Supplemental Information. In the data analysis we take it to be the same as the free-running auto-oscillation frequency ω ig when the microwave field frequency is far away. The parameter ω ig is defined as the free-running auto-oscillation frequency, which is in principle different
